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PHASE EQUILIBRIUM AND INTERPHASE
TRANSITION LAYER AS AN ORDERING PROBLEM

P. T. Bruk-Levinson and I. Yu. Murokh UDC 548.7

The model of a binary ordering alloy, developed previously based on the conventional distribution method,
is used for describing spatially inhomogeneous multiphase equilibrium systems of gas-solid, liquid-gas or
crystal-liquid types, including the structure of an interphase transition layer. General results are illustrated
by specific predictions for a two-phase crystal-gas system.

The classical problems of structural ordering of crystal systems [1, 2] are classified with macroscopically
homogeneous systems, irrespective of whether order-disorder phase transitions are of the first or the second kind.
In this case, the phase transition is characterized by redistribution of particles of two sorts over two sublattices,
"inserted” into each other from the viewpoint of their spatial arrangement.

In the current study the model of a binary ordering alloy with point defects [3-5], developed previously
based on the conventional distribution model [10], is used for describing spatially inhomogeneous multiphase
equilibrium systems of gas-solid, liquid-gas, or crystal liquid type, including the structure of an interphase
transition layer.

Although numerous results at both the phenomenological [6] and macroscopic [7 ] levels were obtained in
describing phase transitions of the first kind of the sublimation, evaporation, or melting type, for a long time there
was no answer to the fundamental question of whether it is possible to describe, within the framework of Gibbs
statistical mechanics, all phase transitions of the first kind in a simple molecular system, including triple and critical
points. The basic difficulties consists in the fact that the statistical mechanical description of various phases employs
different approximations that do not join one another when the attempt is made to "match” the solutions for an
inhomogeneous system. '

The relatively simple van der Waals equation proves to be a good approximation only for a liquid-vapor
system. Taking account of subsequent virial coefficients involves considerable technical difficulties and does not
give an adequate description of all states of aggregation of a substance [8 ]. Lee and Yang [9] obtained an equation
of state, similar to the van der Waals equation, in the average field approximation when considering the Izing model
for a lattice gas, in which atoms correspond to an "upward spin” state, and vacancies at the points of a regular
lattice correspond to a "donwward spin" state.

We note [10], in which based on the conventional distribution method within the framework of a
quasichemical approximation the possibility of a unified description of all phase transitions of the first kind in a
one-component system was demonstrated for the first time. The parameters were identified from the coordinates
of the points of a common tangent to an isotherm of the free energy as a function of the molecular volume (points
of equal pressure).

The main idea of the approach developed lies in considering, analogously to the ordering alloy model, the
one-component multiphase system as a two-component mixture of real (sort A particles) and fictitious (sort 0
particles) atoms by describing, as a function of thermodynamic parameters of the system, the particle redistribution
over two sublattices, which are spatially divided by a certain boundary in this case. Here the order parameter,
equal to the difference of probabilities of detecting a given atom on one or the other side of the boundary, actually
reflects the difference in density between the phases under study.
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I. Phase Equilibrium. Consider a system of N pairwise interacting sort A particles, located in the volume
V at the temperature T (the NVT ensemble). We break down the entire volume of the system into M = ML +M?
= N geometrically identical nonoverlapping cells of volume w = V/M, MY of which refer to cells of the first type
and M@ to cells of the second type. We will assume that the cell centers form ordered lattices in spatially divided
phases of the corresponding type and not more than one particle can reside in each cell. We denote the concentration
of the u-type cells by v@ = M@ /M (u = 1, 2), and introduce the cell concentrations of sort A particles and
vacancies:

ma= NIM, my=(M— N)IM = No/M, (1

where
w=v(l—mg), mag=1—m,, @

where v = V/N is the volume per particle.
The probabilities of finding a particle of sort K =0, A (the index 0 corresponds to a vacancy) at a point of
type ¢ = 1, 2 are written in the form

P(u) N(u)/M(u) 3)
where N('“) is the number of sort K particles located in u-~type cells, and
2 NP — m™
K=0,A
and, therefore,
.
PP~ =12 )
K=0,4 :

For describing the equilibrium state of this system we introduce the order parameter
n=PY — PP = (P —ma)v = P — P, >

which characterizes structural differences of the coexisting phases. Thus, for example, in the crystal state @ = 1)
the vacancy concentration is small (Pg )<< 1), amd whereas in the gas phase the particle concentration is small
P A << 1), therefore the two-phase crystal-gas system may be regarded within this model as an almost completely
ordered system with = 1. In the case of crystal-liquid and liquid-gas phase equilibria, the order parameter
assumes intermediate values (0 < 7 < 1). Obviously, the condition 5 = 0 is essential for the existence of a critical
point, '

Studies [3-5] showed that the conventional distribution method allows for the contributions of thermal
oscillations of particles to both the free energy of the system and the phase transition (phase equilibrium)
parameters, and therefore the order parameter considered accounts not only for quantitative differences in the
states of aggregation of a substance (the particle concentration in one or another phase) but also for qualitative
changes in the dynamic state of the particles (the probability density distribution over the cell volume).

It follows from Egs. (3) and (3) that

mg = X VPR, ©)
n=1, 2

We point out that only the average specific volume v is specified in this model, whereas the real volumes
v allocated to a particle in each phase and the ratio of the volumes occupied by each phase are not known in
advance and are related to P§ and w, which are determined in a self-consistent way from the condition of a
minimum free energy of the system:

B — w/PY = vy = PP P, o
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oth (0(2) — )

v =v(D/y?2) =
v{2) (v — D)

®)

Studies [4, 5] introduced basic equations to describe a three-component (particles of sorts A and B and
vacancies) ordering alloy. In this sense, the system considered describes a model of a two-component (sort A
particles and vacancies) alloy, for which all relations obtained previously remain valid.

Therefore, the chain of integral equations for conventional partial distribution functions (DF) of the two-
component system is written as follows:

Fym =P, } dif Fym i) = PRV,
@Aw)

. @
Fu = Fj + S diPF .00 (157), )
W j(a)

+{a)
(u) (’A )"-F(u)g(a)(‘!l )+ j- d}A S(wje (lA s }a)

}(a)

where Fi@)(ig )) defines the probability density of detecting a sort K partlcle near the point 116(“ ) ) on condition that

the remaining cells contain not more than one particle, and Fj(x) J(,u)(xK , _]L ) defines a similar probability density
for two particles in two cells.

The DFS may be represented in exponentxal form, reflecting their "Gibbsian" origin, and in the
quasichemical approximation they reduce to the form

F @ = P3PS exp {B (9,0, @ + @z, )}
F s (i%7) = PG Fyom) (l(")) exp {p (CP-m)v (0 G4 + @@, )}

: am
F, (@ G4, 19 = Fu () F i (G4) %

X exp {—f ‘D(lfam» i ’)—‘CP ), s G2 — e, swr (AN}

where :p,Cu),J(a)(1 ) are the elementary average-force potentlals (AF Ps), characterizing the averaged action of a
particle in the j-th cell on a particle in the i-th cell, (D(lK , _]L ) is the interatomic potential, and S is the inverse

temperature.
We now write, in conformity with [4, 5], expressions for the configuration integral and the free energy:

Qu={ IL[ IV @) ] V‘“’}M,

p=1,2"K=0,4 an

F = Mf=—(M/p) ln{ n { ﬁ (Q(u)/P(u)) Jv(l’-)}

p=I,

where the free energy per cell is
f__. —B- 1 2 ). 2 P(H) In (Q(u)/P(u)) a2
p=1,2 =0,A4
the normalization constants have the form
Qau) = exp {—Beo,m},
. 13)
Q) = | dil! exp{—Bo,m (i1},

@iy
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and the total AFPs are the sums of elementary AFPs:
s = 2 P (1 Pyw) @4y = 2 Q00 G4
1) 25 (W) 2% 230

The conventional extremum of Eq. (11) must be found taking into account that, unlike a real ordering
alloy, the cell concentrations »*) are not known beforehand. Varying the free energy with respect to e brings
about an additional, as compared with [4], condition, imposed on thermodynamic parameters of the system, which
also determines the existence of phase equilibrium.

As a result we obtain

14

> v In (QF/PE) = BPuw, as
n=1,2 T

QQ’bﬁf’/(Qﬂ")PS)) — SI’PBZ’/(QSQ)PEU). (16)

Q4P — Q2P amn

where P = -(6f/dw) is the pressure, which is defined from the virial theorem [10]:

BPo = 1—my—@6M) Y, 3 | dit? | 4iPou, i) x

i(R) jla) w, :
i) jle) ©.(u) Yila) (18)
X (47 — j5) Fym jra (87, 76°)-
Substituting Eq. (17) into Eq. (15) leads to equations
In (Q/P§) = BPw (n=1, 2), (19)

which exactly coincide with the relation derived in [11] for homogeneous systems of arbitrary density and express
the equality of pressures and temperatures under the conditions of phase equilibrium. In this case, Eq. (16)
corresponds to the equality of chemical potentials. '

Together with relations (2)-(10), Egs. (16)-(19) form a closed system, whose solution at prescribed
thermodynamic parameters of the two-phase system (f, v) allows a complete description of the phase equilibrium
characteristics (P, v(") ® and PC“))

As the simplest example, we will examlne phase equilibrium in the crystal-gas system. It is assumed that
there is no interphase interaction ¢;(), J(oz)(l A ) = i), (@) = 0, u#a) and then Egs. (10) can be solved separately
for each phase.

Setting P(()l) = ( for the crystal phase (u = 1) in the first approximation and using the Laplace method to
calculate integrals [12], up to the leading asymptotic term we obtain

Yo o = P! s, e (]A ), P,y (lA )) = P{KN . G/(i”), Q0
FAREY S
where '
Vb 0 = exp {— Bo; w},
by (57) = exp {—Bojw 0 (5)), K = exp {— pD (5, T4}
o Substitution of ]( ) —]&1) (]Al ) denotes the coordinates of the crystal lattice point) into Eq. (20) yields
Py’ =1
Vi (}:;11 ) = K1/2 Py o = K—1/2, @y

In the same approximations, with consideration of the interaction of nearest neighbors, from Egs. (13) and (14) it
follows that

Q4 = exp {— Bo,m (i) = [P, ;0 () = K=/2,
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Fig. 1. Probability of finding sort A particles in cells of type 1 and 2 vs the inverse
temperature § on the curve of solid-gas equilibrium.

Fig. 2. Specific volumes of the solid and gas phases vs the inverse temperature
on the curve of solid-gas equilibrium.

Qﬂ‘” = exp {— ﬁtpi(b} = [V, ;0] = K—2/2, . @

where z is the number of nearest neighbors.
For the gas phase (u = 2), in the ideal gas approximation P( ) << 1 we have

P~ Q) ~ L (23)

Substituting Egs. (23) and (22) into Eqs. (16)-(18) and taking into account Eq. (4), we obtain

P(l) P(?) Kz/2/(KZ/2 + 1) P(") P(l) 1/(Kz/2 + 1)

24)
BPw = In (1 4 K—2/?). (
On the other hand, in the same approximations from Eq. (18) it follows that
BPw = PP — Bz/6 (PP @ r, (25)

for the condensed phase, where r is the spacing between nezirest neighbors.
We note that Eq. (25) is quadratic with respect to Pg) and, for Pg) <<1it reduces to the equation of state

for an ideal gas
BPw = P — B,

Then we may write
PP PP =6d' (r) r/BZ,

whence for particles with the Lennard-Jones interaction potential we have
r = [48p/(24p — D)1'/°. (26)

Thus, Egs. (7), (8), (24), and (26) fully describe the equilibrium state in the crystal-gas two-phase system.
Figures 1-3 present calculated results for crystals of inert gases with an fcc lattice (w = /V2). Qualitative
agreement between the temperature dependences of the system parameters and experimental data [13] is noted.
A strong discrepancy in the value of the specific volume of the gas phase is explained by the underestimated particle
concentration because of relatively rough approximations in solving the integural equations.
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Fig. 3. Pressure vs the inverse temperature on the curve of solid-gas equilibrium:
1) prediction; 2) experiment [13].

IL. Interphase Transition Layer. The scheme developed above allows a prediction of thermodynamic char-
acteristics of two-phase systems, provided each phase is homogeneous. In reality, however, the interface causes
local parameters of the system (Pk’) to deviate from their statistical means over the volume, i.c., causes spatial
inhomogeneity within each phase.

In principle, the interface has this effect on each molecular layer, which asymptotically approaches zero
with distance from the surface of phase contact. At the same time, it is evident that, for particles with a short-range
potential, the "penetration depth” is comparable in order of magnitude with the effective radius of interaction. In
other words, the phase interaction manifests itself in the existence of a transition region of width amounting to a
few molecular layers (excluding, of course, the vicinity of the liquid-vapor critical point).

Despite significant advances made in understanding the fine structure of the interphase (a coarsening
transition [14] and an order-disorder transition [15, 16]), the statistical theory of the interphase transition layer
is still far from complete even in the case of simple one-component systems. As was pointed out above, this is
primarily due to the necessity of simultaneously describing two phases of a substance.

Having modified the developed formalism so that nonequivalence of molecular layers located at different
distances from the interface is taken into account, it is possible to construct a statistical scheme for describing the
transition region.

We break down the entire volume of the system into M = N geometrically identical nonoverlapping cells
of volume w = V/M and define the probability of finding a particle of sort K = 0, A in a cell belonging to layer
=1, 2, ..., T in the form

P¥ = N®IM,, Q@n

where NI('g ) is the number of sort K particles residing in the u-th layer, and My is the number of particles in a layer

(not dependent on u). Here

> NP =M= X P =1, 28)
K=0,A K=0,4
T
SN =N, M=TM, (29)
p=lI

The chain of integral equations for conventional partial distribution functions of such a system formally
corresponds to relations (9); the difference is that the Greek symbols (i, «) refer to the number of the molecular
layer. The expressions for the configuration integral and the free energy acquire the form

;T oo PR 7 Ms
Qu={[1[ I @) * |},

=1 K==0,A
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TABLE 1. Probability of Finding a Sort A Particle in a Cell Belonging to the a-th Molecular Layer in the Crystal-Gas
Transition Region as a Function of the Inverse Temperature § (@ = 1 corresponds to the volume-average particle
concentration in the gas phase and & = 5, in the crystal phase)

(04
p 1 2 3 4 S
1.0 2.49844-107 0.111579 0.758927 0.989311 0.997214
1.1 1.37142-10°% 0.123269 0.827761 0.995341 0.998544
1.2 7.52528-107* 0.118333 ' 0.862979 0.997680 0.999220
1.3 4.12860-107* 0.106756 0.886139 0.998791 0.999578
1.4 2.26495-10" 0.093142 0.904148 0.999362 0.999770
1.5 1.24254-107 0.778678 0.998764 0.999873 0.999875
1.6 6.81664-107 0.865056 0.999621 0.999931 0.999931
1.7 ©3.73973-107 0.907953 0.999851 0.999962 0.999962
1.8 2.05174-107° 0.934401 0.999935 0.999979 0.999979
1.9 1.12569-107 0.951983 0.999970 0.999988 0.999988
2.0 6.17625-10°° 0.964183 0.999985 0.999993 0.999993
F=M éf(u) = —(MB)1In [ - QWP PR (30)
! su=l' ’ lul;Il[l<££.A( e ) ]}’
where the free energy per cell in the x-th layer is
for = —p1 3 PR In(QR7/PKY), 3D

K=0,4

and the normalization constants and the potentials of average forces are determined from Eqs. (13) and (14).

In contrast to Eq. (11), the free energy in Eq. (30) is a function of the particle and vacancy concentration
in each molecular layer. Varying the free energy by the above scheme with allowance for relations (28) and (29)
leads to the following equilibrium conditions:

QPP IQYPY) = const (=1, 2, ..., T). @D

It is assumed here that the transition layer slightly affects the volume characteristics of the system, and relations
(16) and (18), obtained for them, remain valid. Then Eq. (32) can be recast as

CQYPY QWP ) = QY PPIQY PP, (33

where the superscript ¥ denotes the number of a layer in one or another phase sufficiently far from the interface.
Thus, the solation of the system of equations (16)-(19) determines the volume characteristics of the phase
equilibrium Pg), and solation of the system of equations (9)-(14) determines the intermediate probabilities of the
transition layer.
We again carry out specific calculations for the crystal-gas system. Suppose that main changes due to the
interface occur in the structure of the surface layers of the crystal. Then, using the Laplace method to compute the
integrals in Eq. (30), up to the leading asymptotic term we obtain

— plo (a 7
Ym0 = PO o jun+ PE by, (i),

P, ,-(oc)(ifeu)) = P/, Jm PRI ;A

(34

where
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b @ = exp {—PBo @ w}h
lPj(OL)'i(ll«)(—].x(‘lm)) = exp {— B(Pj(a).i(u)(—j,(qa))}; K= exp {— ﬁ(l) (‘1(‘1“,’ ]Sla))}
@) _ 500

Subsntutlng ip’ =1ij’ into Eq. (34) resnlts in a closed system of equations for the unknowns
Yi@), 1(u)(J A ) = ¢a o Vi@ i) = ¢2 4> Which can only be solved for the following combinations of them:

Vit oV = KPE + P oy, 35
Ibll a\pa n= P(G)N’ap. + Pm)

where

Yo = ¥, n/%u—{Pau'f“{P o - 4KPEIPEYI2Y2PE),

Pou =P — P — (K—1)(P — PR

In the same approximations, without consideration of vibrational degrees of freedom the normalization
constants of Eq. (13) take the form

A®

i) = exp {—Bo (a)(LA )} = H [p.u) -

36)
<a) ZYf’
o' = = exp {—fBo (a)} = U [‘Pa nl
u_.
where ZE‘B is the number of nearest neighbors located in the u-th layer around a point in the a-th layer.
From Egs. (22)-(24) it follows that
QPPRIQPPY) = K72, @7
whence, with allowance for Egs. (33) and (36), we obtain

PRIPY = K—=2QP)Qf = K~2/2 ﬂ [l . (38)

o’
Near the surface of a crystal with an fcc lattice, relation (38) for the planes (001) in the approximation of nearest
neighbors reduces to the form

a1
PPIPF = K==7 [] [anl® 39
fH=q-—1
The system of equations obtained was solved numerically by an iteration method. The values of P( ) K =
0, A) obtained in the previous section were taken for boundary conditions. The calculated results are presented in
Tablel 1.

NOTATION

N, number of particles; M, number of cells; w, volume of a cell; V, volume of the system; »® w=1,2)),
concentration of u#-type cells (concentration of points of the u-th sublattice); mgx (K =0, A), cell concentrations of
particles, the index 0 denotes a vacancy; Pclé‘), probability of finding particles in a u-type cell; f, free energy per
cell; Flm)(lx ) probablllty density of finding a sort K particle near the point i’ € Wi) (belonging to the i-th
p-type cell); F,@)J(a)(ll(é‘ ), iL '), probability density of finding a sort K particle near the point i~ € Wi) and a sort
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L particle near the point jk

i@ )e Wi(@); ('u), normalization constants; ¢1(,u)(1K ) ¢1(/I)J(a)(l ,JL ), potentials of

average forces; <I>(1K) jk '), potential energy of interaction of a particle pair; §, inverse temperature.
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